Introduction {#Sec1}
============

One of the most important factors that determine the fate of an outbreak of an infectious disease is the contact pattern of individuals in the population. The frequency and duration of the contacts between individuals typically depend on the nature of their relationship. For this reason, recent interest has focused on the impact of the underlying social network on the spread of the disease. The social network is typically represented by a random graph (Newman et al. [@CR36]), in which the nodes or vertices represent individuals and the edges represent social contacts between the individuals. Two nodes that share an edge are called "neighbours".

A popular choice when generating random graphs with a specified degree distribution is the configuration model (CM). It was introduced by Bollobás ([@CR9]) for the special case where the degree distribution is degenerate (i.e. every node of the graph has the same degree) and extended to more general degree distributions by Molloy and Reed ([@CR31], [@CR32]). There is a vast literature on epidemics on configuration model graphs \[see e.g. Andersson ([@CR1]), Britton et al. ([@CR12]), Janson et al. ([@CR19]), Barbour and Reinert ([@CR7]), Bhamidi et al. ([@CR8])\].

An important feature of the configuration model is that, under mild regularity conditions on the degrees, this type of graph is asymptotically unclustered. That is to say, it contains virtually no groups and short circuits. Real world networks do, however, typically exhibit clustering (Newman [@CR34]), and there are a number of graph models that do allow for group structure (Bollobás et al. [@CR10]; Karoński et al. [@CR20]; Newman [@CR33]). Epidemics on graphs with group structure were studied by Trapman ([@CR39]); Ball et al. ([@CR3], [@CR4], [@CR5]); Coupechoux and Lelarge ([@CR14]); Britton et al. ([@CR13]).

In this paper, we use a generalized version of the configuration model to incorporate clustering of the social network in the analysis of the spread of an infectious disease. The configuration model with clustering (CMC) was independently introduced by Miller ([@CR30]) and Newman ([@CR35]). It is an extension of the CM in the sense that, for each node *u*, in addition to the degree of *u* one also specifies the number of pairs of neighbours of *u* that are in turn neighbours of each others. In other words, one specifies the number of triangles (with non-overlapping edges) of which *u* is a member \[see Sect. [2.1](#Sec3){ref-type="sec"} for a precise definition of the graph model\]. This allows for graphs with non-negligible clustering and a specified degree distribution. That is to say, the CMC deviates from the classical Erdős--Rényi graph model (Erdős and Rényi [@CR17]) in two fundamental ways: it allows for for a non-Poissonian degree distributions and is asymptotically clustered. Epidemics on this type of graph have previously been studied by Miller ([@CR30]) and Volz ([@CR42]). Miller ([@CR30]) investigated the impact of clustering on the epidemic threshold, formulated as a bond percolation problem. This means that the infectivity of infected individuals is assumed to be homogeneous; an infected individual transmits the disease to each of its neighbours independently with some fixed probability *T*. Volz ([@CR42]) investigated the time evolution and final size of epidemics on CMC graphs under the assumption of exponentially distributed infectious periods during which individuals contact neighbours at a constant rate.

The main contribution of our research is that we extend the results of Miller ([@CR30]) and Volz ([@CR42]) by allowing for heterogeneous infectivity, i.e. by allowing for some infected individuals to be more contagious than others or for individuals to exhibit different contact behaviors for different types of neighbours. Such heterogeneity may, for instance, reflect variability in the infectious period or contact preferences on the part of individuals. We provide expressions for the probability of a major outbreak and the final size of a major outbreak. A key tool in our analysis is the approximation of the epidemic seen from a "generation of infection" or "rank" perspective by a multitype Galton Watson branching process. This approximation, which is interesting in its own right, gives rise to the rank-based reproduction number $\documentclass[12pt]{minimal}
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                \begin{document}$$R_0$$\end{document}$ \[see e.g. Pellis et al. ([@CR37], [@CR38])\]. We note that especially allowing for heterogeneity in the infectivity of individuals requires a more intricate branching process approximation than a model with homogeneous infectivity \[as analysed by Miller ([@CR30])\]. To see this, consider an individual *v* which is infected through a triangle $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta $$\end{document}$ and in other triangles *v* is part of all depend on the infectivity of *v* and are therefore in general not independent.

The second contribution of this paper concerns vaccination. We investigate the impact of uniform vaccination (i.e. vaccinated individuals are selected uniformly at random) with a perfect vaccine (i.e. a vaccine that provides full and permanent immunity to the disease). We find that it is necessary to vaccinate a fraction $\documentclass[12pt]{minimal}
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                \begin{document}$$1-1/R_0$$\end{document}$ of the population in order to prevent a major outbreak of the disease, as in the case of homogeneous mixing. We illustrate our findings with numerical examples.

This paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"} we provide the preliminaries for the model. In Sect. [2.1](#Sec3){ref-type="sec"} we give a more detailed description of how graphs are generated in the CMC and investigate the asymptotic clustering of such graphs and in Sect. [2.2](#Sec6){ref-type="sec"} the epidemic model is specified. Sections [2.3](#Sec7){ref-type="sec"} and [2.4](#Sec9){ref-type="sec"} contains an overview of the concept of reproduction numbers and the necessary branching process background. In Sect. [3](#Sec10){ref-type="sec"}, we derive expressions for the probability of a major outbreak and the expected final size under the assumption of an unvaccinated and fully susceptible population, and in Sect. [4](#Sec15){ref-type="sec"} the analysis is repeated under the assumption of uniform vaccination with a perfect vaccine. We illustrate our findings with numerical examples presented in Sect. [5](#Sec20){ref-type="sec"} and discuss possible extensions in Sect. [6](#Sec21){ref-type="sec"}.

Preliminaries {#Sec2}
=============

The configuration model with clustering {#Sec3}
---------------------------------------

A CMC graph is constructed as follows. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\{p(k_s, k_{\varDelta })\}_{k_s,k_{\varDelta }\in \mathbb {N}_0}$$\end{document}$ be a prescribed joint degree distribution, where $\documentclass[12pt]{minimal}
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                \begin{document}$$k_s$$\end{document}$ denotes the number of single edges attached to a node, and $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{\varDelta }$$\end{document}$ denotes the number of pairs of triangle edges. Throughout, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(S,\varDelta )$$\end{document}$ is assumed to be a generic random vector distributed according to *p*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\{(S_i, \varDelta _i)\}_{i=1}^N$$\end{document}$ be a sequence of independent copies of $\documentclass[12pt]{minimal}
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                \begin{document}$$(S,\varDelta )$$\end{document}$. Analogously to the CM, a graph $\documentclass[12pt]{minimal}
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                \begin{document}$$G_N=G_N(p)$$\end{document}$ of size *N* is constructed by first assigning the single degree $\documentclass[12pt]{minimal}
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                \begin{document}$$S_i$$\end{document}$ and the triangle degree $\documentclass[12pt]{minimal}
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                \begin{document}$$i=1,2,\ldots ,N$$\end{document}$. One may think of this step in terms of half-edges; to each node $\documentclass[12pt]{minimal}
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                \begin{document}$$S_i$$\end{document}$ single half-edges and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta _i$$\end{document}$ pairs of triangle half-edges. The single half-edges are then matched in pairs and the triangle half-edge pairs in threes by choosing a matching uniformly at random among all possible such matchings. The process of joining half-edges is illustrated in Fig. [1](#Fig1){ref-type="fig"}. As described in Miller ([@CR30]), the matching may be carried out as follows. Two lists of nodes, one single degree list and one triangle degree list are created. A node with joint degree $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{\varDelta }$$\end{document}$ times in the triangle list. The lists are then shuffled uniformly, and the nodes on positions $\documentclass[12pt]{minimal}
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                \begin{document}$$m\in \mathbb {N}_0$$\end{document}$.Fig. 1Schematic illustration of the construction of a CMC graph. Triangle half-edges (marked with a triangle) and single half-edges (marked with a perpendicular line) are assigned to the nodes of the graph (left). The half-edges are then matched uniformly at random (right). Note that two of the half-edges attached to $\documentclass[12pt]{minimal}
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                \begin{document}$$v_3$$\end{document}$ are paired with each other and so form a self-loop

We define the *total single degree* as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D^{(N)}_S:=\sum _{i=1}^NS_i \end{aligned}$$\end{document}$$and the *total triangle degree* as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D^{(N)}_{\varDelta }:=\sum _{i=1}^N\varDelta _i. \end{aligned}$$\end{document}$$If the total single degree (that is, the length of the single degree list) is not even or if the total triangle edge degree (the length of the triangle degree list) is not a multiple of three we erase a single half-edge and/or one or two triangle half-edge pairs chosen uniformly at random. Similarly, we erase self-loops and merge multiple edges, so that the resulting graph is simple. Under assumption A1 (stated below) on *p* it holds that the number of single self-loops and single double edges converge in distribution to independent Poisson random variables with finite means \[cf. Van der Hofstad ([@CR40], prop. 7.13)\].

For this reason, self-loops and multiple edges are negligible in the limit as $\documentclass[12pt]{minimal}
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                \begin{document}$$N\rightarrow \infty $$\end{document}$. In the remainder of this paper, we ignore the small differences in the topology of the graph that arise from erasing multiple edges or self-loops. In addition, we ignore the small differences in effective degree distribution that arise from erasing half-edges so that the number of single and triangle half-edges are multiples of two and three, respectively.

We make the following assumptions on *p*.$\documentclass[12pt]{minimal}
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                \begin{document}$$E( \varDelta S)>0$$\end{document}$.Note that the assumption A1 implies $\documentclass[12pt]{minimal}
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                \begin{document}$$E(\varDelta S)<\infty $$\end{document}$. Assumption A2 ensures that the mean matrices of the approximating branching processes (presented below) are positively regular (we say that an $\documentclass[12pt]{minimal}
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For any undirected graph we can measure the amount of clustering in the network using the so-called clustering coefficient, which is defined as follows. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$G=(V, E)$$\end{document}$ be an undirected graph with node set *V* and edge set *E*. Define$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {W}^G_{\wedge }=\{(u,v,w)\in V^3: (u,v), (v,w)\in E\} \end{aligned}$$\end{document}$$the set of all ordered wedges (i.e. directed paths consisting of precisely two edges) of *G* and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {W}_{\varDelta }^G=\{(u,v,w)\in V^3: (u,v), (v,w), (w, u)\in E\}\subset \mathcal {W}_{\wedge }^G \end{aligned}$$\end{document}$$the set of all ordered triangles of *G*. The *clustering coefficientC*(*G*) of *G* is a measure of the degree of clustering of *G* and is defined as the fraction of the ordered wedges of *G* that are also triangles:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} C(G)=\frac{\vert \mathcal {W}_{\varDelta }^G\vert }{\vert \mathcal {W}^G_{\wedge }\vert }. \end{aligned}$$\end{document}$$      Here $\documentclass[12pt]{minimal}
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                \begin{document}$$|\cdot |$$\end{document}$ denotes the cardinality of a set.

As stated in the following proposition, CMC graphs have asymptotically non-zero clustering as $\documentclass[12pt]{minimal}
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                \begin{document}$$N\rightarrow \infty $$\end{document}$. An analogous result for fixed degree sequences was presented in Newman ([@CR35]). Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\overset{P}{\longrightarrow }$$\end{document}$ denote convergence in probability.

#### Proposition 1 {#FPar1}
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                \begin{document}$$\{G_N\}_N$$\end{document}$ be a sequence of CMC graphs with independent degrees drawn from *p*. If *p* satisfies assumption A1 then$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} C(G_N)\overset{P}{\longrightarrow } \frac{E(2\varDelta )}{E((2\varDelta +S)^2)-E(2\varDelta +S)}. \end{aligned}$$\end{document}$$

The proof is presented in the Appendix.

### Downshifted size-biased degrees {#Sec5}
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                \begin{document}$$G_N$$\end{document}$ may be constructed as the epidemic progresses; starting with the initial infected case we sequentially match the half-edges along which the disease is transmitted. Since half-edges are chosen uniformly at random in the matching procedure, the probability to choose a specific node is proportional to the number of free half-edges attached to the node in question. That is, if we pair a single half-edge, the probability of choosing a specific node with $\documentclass[12pt]{minimal}
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                \begin{document}$$k_s$$\end{document}$. For this reason, the degree distribution of a node explored by joining a single half-edge in the early phase of the epidemic can be approximated by the *single size biased* \[cf. the concept of excess degree in Meyers ([@CR27])\] degree distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p^{(s)}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} p^{(s)}(k_s, k_{\varDelta })=\frac{k_sp(k_s, k_{\varDelta })}{E(S)}. \end{aligned}$$\end{document}$$Similarly, the degree distribution of the nodes explored by joining three triangle half-edge pairs in the early phase of the epidemic can be approximated by the *triangle size biased* degree distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p^{(\varDelta )}( k_s, k_{\varDelta })=\frac{k_{\varDelta } p(k_s, k_{\varDelta })}{E(\varDelta )}. \end{aligned}$$\end{document}$$In the epidemic process, we need to account for the fact that an infected individual has at least one non-susceptible neighbour (namely the direct source of its infection). For this reason, we introduce the *downshifted* size biased degree distributions $\documentclass[12pt]{minimal}
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The epidemic model {#Sec6}
------------------

We use an SIR model to investigate the dynamics of the spread of the disease. At any given time point, the population is divided into three groups, depending on health status. The groups are susceptible (**S**), infectious (**I**) and recovered (**R**) \[see e.g. Britton ([@CR11]), Diekmann et al. ([@CR16])\]. Individuals of the population make contact with other individuals at (possibly random) points in time. If, at some time point, an infectious individual contacts a susceptible individual then the susceptible individual instantaneously becomes infectious. An infectious individual will cease to be contagious after a period of time, which we call the *infectious period* of the individual in question, and is then transferred to the recovered group. Recovered individuals are those that are immune to the disease. Individuals belonging to this group play no further role in the spread of the disease. Because of this last observation, we can treat individuals that die because of the disease as "recovered". In summary, we allow only the transitions $\documentclass[12pt]{minimal}
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More specifically, we consider an SIR epidemic in a generation framework on the clustered static graph $\documentclass[12pt]{minimal}
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                \begin{document}$$G_N$$\end{document}$ and assume possible heterogeneity in infectivity, both between different individuals (individual heterogeneity) and between different kinds of edges (edge heterogeneity). Individual heterogeneity means that some infected individuals are more contagious than others. Such heterogeneity may, for instance, arise from variability in the infectious period. Edge heterogeneity reflects that individuals may exhibit different contact behaviors for different types of neighbours ; an individual may for instance prefer to spend more time with its triangle neighbours at the expense of spending less time with its single neighbours.

To construct a model that captures such heterogeneities, let $\documentclass[12pt]{minimal}
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The spread of this epidemic can be fully captured by a directed graph \[see e.g. Pellis et al. ([@CR38]), Kenah and Miller ([@CR21])\]. To construct such directed graph from an undirected CMC graph $\documentclass[12pt]{minimal}
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Reproduction numbers {#Sec7}
--------------------

A key quantity in the study of epidemics is the basic reproduction number, often denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$R_0$$\end{document}$. It is usually defined as the expected number of infected cases caused by a "typical" infected individual in an otherwise susceptible population (Diekmann et al. [@CR15]). For most stochastic epidemic models \[including SIR epidemics in homogeneous mixing populations (Britton [@CR11]), populations with households (Ball et al. [@CR6]) and epidemics on networks (Britton et al. [@CR12])\] it has the threshold property that a major outbreak is possible if and only if $\documentclass[12pt]{minimal}
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For models where a suitable generation based branching process approximation is available, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_0$$\end{document}$ is usually defined as the Perron root (the dominant eigenvalue, which exists and is real-valued by assumptions A1 and A2, see for instance Varga ([@CR41], Chapter 2) of the mean matrix of the approximating Galton Watson branching process. This is the definition used in this article. By standard branching process theory, the interpretation of $\documentclass[12pt]{minimal}
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In Sect. [4](#Sec15){ref-type="sec"}, we investigate the spread of an epidemic in a population with vaccination. To this end, in addition to the basic reproduction number $\documentclass[12pt]{minimal}
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For many models, including epidemics on graphs generated by the CM (Britton et al. [@CR12]) and the standard stochastic SIR epidemic model \[i.e. individuals mix homogeneously, see for instance Britton ([@CR11])\], $\documentclass[12pt]{minimal}
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### Epidemics in continuous time: the rank-based approach {#Sec8}

As mentioned above, heterogeneity in infectivity might arise from heterogeneity in the infectious period; an important special case of the above described model is epidemics in continuous time with random infectious periods where contacts between individuals take place according to point processes on $\documentclass[12pt]{minimal}
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In order to define the rank of a vertex, denote the initial case by $\documentclass[12pt]{minimal}
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Consider a continuous time epidemic formulated as follows. Suppose that each infected individual remains infectious for a (random) period of time. The infectious periods are distributed as the random variable $\documentclass[12pt]{minimal}
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Branching process approximations {#Sec9}
--------------------------------

To analyse the spread of the disease in the early stages of the epidemic, we employ a multi-type branching process approximation. The graph $\documentclass[12pt]{minimal}
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Similarly, a branching process approximation can be used to approximate the expected final size of the epidemic (Ball et al. [@CR3], [@CR4], [@CR5]). In the graph representation of an epidemic, an individual contracts the disease if and only if there is a path of directed edges with finite edge weights from the initial case to the node representing the individual in question.
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By reversing the direction of the edges of the graph representation of an epidemic, but keeping the weights, the expected final fraction of the population infected in a major outbreak and the probability of a major outbreak are interchanged (Miller [@CR29]), provided that the initial case is chosen uniformly at random. The process so obtained is called the *backward epidemic process* of the node *v*. If the underlying epidemic model is such that the backward epidemic process can be well approximated by a branching process, then we can use this branching process to compute the asymptotic distribution of the proportion of the population that ultimately escapes infection. This is made precise in the following theorem, due to Ball et al. ([@CR5], Theorem 3.5), who proved the theorem for the related model of random intersection graphs. The statement of Theorem [1](#FPar2){ref-type="sec"} carries over to the forward and backward branching processes considered in this paper. We omit the proof, which is analogous to the proof presented in Ball et al. ([@CR5]), see also Ball et al. ([@CR3]).

### Theorem 1 {#FPar2}
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In other words, in the limit of large population sizes, the epidemic "takes off" with probability $\documentclass[12pt]{minimal}
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An epidemic in a fully susceptible population {#Sec10}
=============================================

We now have the tools to analyse the spread of an infectious disease on a graph generated by the CMC. In the present section, the population is assumed to be fully susceptible to the disease, apart from the initially infectious individual.

Forward process {#Sec11}
---------------

Before analysing the forward process, we need to set some terminology. For a given triangle *u*, *v*, *w*, where *u* is the first individual to be infected in the triangle *u*, *v*, *w*, we refer to *v* and *w* as *twins.* We approximate the spread of the disease during the early phase by a multi-type branching process consisting of the following three types (except for the initial case):Type 1:A node infected along a triangle edge whose twin (in the same triangle) is infected at the same time step or earlierType 2:A node infected along a triangle edge that is not of type 1Type 3:A node infected along a single edgeFigure [4](#Fig4){ref-type="fig"} shows three examples of possible paths of transmission within a triangle giving rise to type 1 and 2 individuals in the approximating branching process.Fig. 4Three examples of possible paths of transmission in a triangle $\documentclass[12pt]{minimal}
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Thus, by linearity of expectation and because the distribution of the susceptible neighbours of infected nodes in the early phase of the epidemic is given by the downshifted degree distributions in ([4](#Equ4){ref-type=""}), we obtain$$\documentclass[12pt]{minimal}
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### Probability of a major outbreak {#Sec12}
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Since the approximating branching process dies out if and only if each of the processes started by the children of the initial case die out, the probability of extinction is given by $\documentclass[12pt]{minimal}
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Backward process {#Sec13}
----------------
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The members of the susceptibility set are divided into the following two groups (which give rise to a two-type approximating backward branching process).Type 1:The vertex is included in the susceptibility set by virtue of potential transmission along a single edgeType 2:The vertex is included in the susceptibility set by virtue of potential transmission along a triangle edgeWe assign kinship as follows. The children of type 1 of an individual $\documentclass[12pt]{minimal}
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### Expected final size of a major outbreak {#Sec14}
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Vaccination {#Sec15}
===========

Random vaccination with a perfect vaccine {#Sec16}
-----------------------------------------
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As before, we may approximate the early phase of the epidemic by a multi-type branching process. The individuals of the approximating branching process are now of the following three types.Type 1:Infected along a triangle edge and has a twin that is known not to be susceptibleType 2:Infected along a triangle edge and has a twin that might be susceptibleType 3:Infected along a single edgeTo clarify the types, assume that in the early phase of the epidemic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ is the primary case in the triangle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1, v_2,v_3$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ attempts to transmit the disease both to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$ and succeeds (that is, none of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$ are vaccinated) then both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$ are represented by type 1 individuals in the approximating branching process. This happens with probability$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E(T_{\varDelta }^2)(1-f_{\text{ v }})^2. \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ attempts to transmit the disease both to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$, but only succeeds to transmit the disease to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$ (that is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ is vaccinated and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$ is not vaccinated), then in the approximating branching process the individual representing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ gives birth to one type 1 individual (representing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$) within the triangle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1,v_2, v_3$$\end{document}$. This happens with probability$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E(T_{\varDelta }^2)f_{\text{ v }}(1-f_{\text{ v }}). \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ attempts to transmit the disease only to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ and succeeds (that is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ is not vaccinated) then in the approximating branching process, the individual representing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ gives birth to one type 2 individual (representing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$) within the triangle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1,v_2,v_3$$\end{document}$. This happens with probability$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E(T_{\varDelta }(1-T_{\varDelta }))(1-f_{\text{ v }}). \end{aligned}$$\end{document}$$The above described events are illustrated in Fig. [6](#Fig6){ref-type="fig"}.Fig. 6Three examples of transmission dynamics within a triangle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1,v_2,v_3$$\end{document}$. An attempted transmission of the disease is represented by an arrow, an attempted transmission to a vaccinated individual is represented by an arrow and a blue bar. Left: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ attempts to transmit the disease both to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$, and succeeds. Both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$ are represented by type 1 individuals in the approximating branching process. Center: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ attempts to transmit the disease both to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$, the transmission to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ is blocked since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ is vaccinated. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$ is represented by a type 1 individual. Right: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ succeeds to transmit the disease to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$, but does not attempt to infect $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_3$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2$$\end{document}$ is represented by a type 2 individual (colour figure online)

Denote the mean matrix of the approximating branching process by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_ f^{(\text{ v })}=(m_{i,j}^{(\text{ v })})_{i,j=1}^3$$\end{document}$. Using the expressions in ([15](#Equ15){ref-type=""}) and ([16](#Equ16){ref-type=""}) gives the expected number of type 1 individuals produced by a type 1 individual$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m_{1,1}^{(\text{ v })}= & {} \left( 2(1-f_{\text{ v }})^2E(T_{\varDelta }^2) +2(1-f_{\text{ v }})f_{\text{ v }}E(T_{\varDelta }^2)\right) E \left( \varDelta _{\bullet }^{(\varDelta )}\right) \\= & {} (1-f_{\text{ v }})2E(T_{\varDelta }^2)E(\varDelta _{\bullet }^{(\varDelta )})\\= & {} (1-f_{\text{ v }})m_{1,1} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{1,1}$$\end{document}$ is an element of the mean matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_f$$\end{document}$ of the forward branching process presented in ([9](#Equ9){ref-type=""}).

Proceeding in the same fashion, we obtain the elements of the mean matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_ f^{(\text{ v })}=(m_{i,j}^{({\text{ v }})})_{i,j=1}^3$$\end{document}$ of the branching process with random vaccination. It turns out that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_ f^{(\text{ v })}=(1-f_{\text{ v }})M_f. \end{aligned}$$\end{document}$$It is readily verified that the Perron root of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_f^{(\text{ v })}$$\end{document}$ is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} r_f^{(\text{ v })}=(1-f_{\text{ v }})r_f, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_f$$\end{document}$ is the Perron root of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_f$$\end{document}$. Setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_f^{(\text{ v })}$$\end{document}$ to 1 in ([18](#Equ18){ref-type=""}) and solving for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{\text{ v }}$$\end{document}$ yields the critical vaccination coverage $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{\text{ v }}^{(c)}=1-1/r_f$$\end{document}$.

We conclude that, for this particular graph model, equality holds between the basic reproduction number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_0$$\end{document}$ and the perfect vaccine-associated reproduction number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_V$$\end{document}$ as defined in ([7](#Equ7){ref-type=""}). Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_0$$\end{document}$ is based on a rank-based perspective of infection and not on "who-infected-whom.

### Probability of a major outbreak {#Sec17}

Let *h* be the probability generating function of the offspring distribution of the three types in our model including vaccination. As in Sect. [3.1.1](#Sec12){ref-type="sec"}, we use the probability generating function to approximate the probability of extinction of the epidemic. To this end, let $\documentclass[12pt]{minimal}
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### The backward process {#Sec18}
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### Expected final size {#Sec19}
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Numerical example {#Sec20}
=================

Consider for now the special case where $\documentclass[12pt]{minimal}
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We illustrate this with the following two examples. In this first example we assume that $\documentclass[12pt]{minimal}
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As can be seen in Fig. [8](#Fig8){ref-type="fig"}, ignoring actual heterogeneity of infectivity in this case leads to an overestimation of the probability of a major outbreak (Fig. [8](#Fig8){ref-type="fig"}a, b). This effect is particularly evident in the presence of high clustering; the steeper slope of the curve corresponding to distribution 3 (Fig. [8](#Fig8){ref-type="fig"}b) and the relatively low probability of a major outbreak when $\documentclass[12pt]{minimal}
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To construct such a model, let the joint distribution of $\documentclass[12pt]{minimal}
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Discussion {#Sec21}
==========

In this paper, we have incorporated clustering in the spread of an infectious disease by allowing for groups of size three with non-overlapping edges. It is, in principle, straightforward to extend the methods used in this paper to larger group sizes. The CMC may, for instance, be generalized to larger group sizes as follows. Let $\documentclass[12pt]{minimal}
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